NILPOTENT GROUPS HAVE POLYNOMIALLY BOUNDED
HOMOLOGICAL FILLING INVARIANTS

GABRIEL PALLIER

ABSTRACT. Gromov claimed, with a sketch of proof, that simply connected
nilpotent Lie groups have polynomially bounded filling invariants. The liter-
ature establishes this, often with a stronger conclusion where the exponent of
polynomiality is computed or estimated, for some classes of nilpotent groups, or
ranges of filling degrees. We provide a proof, in part based on Gromov’s hints,
yielding at once (non-optimal) polynomial upper bounds on the homological
filling invariants in every degree for all finitely generated nilpotent groups, or
equivalently, for all simply connected nilpotent Lie groups having lattices.

1. INTRODUCTION

The filling invariants quantify the finiteness properties of a group by measuring
the hardness to fill cycles or spheres of a given volume by chains or balls in
an appropriate model space (e.g. a contractible CW complex or Riemannian
manifold) for this group. In this note we are interested in integral homological
filling invariants of finitely generated nilpotent groups. These groups have finite
torsion subgroups, and torsion-free nilpotent groups have classifying spaces given
as CW complexes with finitely many cells and the homotopy type of a compact
nilmanifold [Mal49]. If I' is a torsion-free nilpotent group and X is the universal
cover of such a K(I',1) having cells in dimensions up to n, one defines for all
v € Zsp and d € {2,...,n}, the combinatorial filling volume

cFVi(v) = sup inf{|r|:r € Cy(X,Z) : Or = ¢}
c€Cy_1(X,Z):0c=0,|c|<v

where | - | is the ¢!-norm. A variant denoted FV{ can be defined using lipschitz
chains on X once the cells have been given I'-invariant flat metrics with the
isometry type of polyhedra, or using lipschitz chains on the universal cover of the
Riemannian nilmanifold, and these variants have the same asymptotic behavior
when v goes to infinity as a result of the Federer-Fleming theorem from [FEFG0]
(see e.g. [3526, Theorem 6.6] and references there). When d = 2, cFV% or FV{ is
closely related to the Dehn function defined in terms of group presentations. The
aim of this note is to prove the following.

Theorem 1.1. Let I be a finitely generated nilpotent group of cohomological di-
mension n. over Q. Then the Dehn function and the homological filling functions
cFVY with integer coefficients are polynomially bounded for all d € {2, ..., n}.
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Theorem 1.1 appears to be known to some authors: it is claimed to be true
by Gromov (with a few hints towards a proof) and Varopoulos in [Gro93, p.72]
and [Var00, p.59] respectively. We found no reference containing a fully detailed
proof of the general case, although it is almost covered by the reunion of [Ril03,
Corollary 7.2| (from which one can deduce' the result for all d > 4) and [Wen11a]
(which states it with an explicit upper bound on the polynomial order under the
additional assumption that the Malcev completion of I' is Carnot-graded). For
d € {2,n} and the Dehn function, optimal upper bounds are established, and these
are even exact estimates when d = n [GHR03, Wenlla, CSC93]. (When T is the
Heisenberg group, one has n = 3, and the explicit estimates for d = 2, 3 were first
obtained in [ECH"92] and [Pan82| respectively.) Young, and later Gruber, proved
that some nilpotent groups have Euclidean filling (that is, the same as Z", and in
particular, polynomial) in degrees d below some threshold [Youl3, Youl6, Grul9a,
Grul9bl; for these groups their works also provide precise polynomial estimates
of the filling invariants in the remaining degrees. Although always polynomially
bounded, the Dehn function of nilpotent groups is not always exactly polynomial
[Wen11b]; this “pathology” has not been found in higher degrees so far.

Our motivation for proving Theorem 1.1 is twofold. First, we observe that
none of the references cited above provides a complete proof when I is a lattice
in a non-Carnot group and d = 3. Second, polynomial upper bounds on the
filling invariants recently appeared as important assumptions in works of Loépez
Neumann and Paucar [LNP26] on the polynomial cohomology of nilpotent groups
(see also [BS26]). In the proof below, in part inspired by Gromov’s sketches,
we treat the general case but we do not attempt to optimize the exponent of
polynomiality of the upper bound on the filling function.

1.1. Acknowledgement. I thank R. Young for pointing out references to me, J.
Paucar and A. Lopez Neumann for useful discussions.

2. PROOF OF THEOREM 1.1

Our proof has two parts; in the first one we make precise the “polynomial
similarity” between nilpotent Lie groups and their Lie algebras evoked by Gromov
[Gro93, 5.As] and use it to treat the case of the Dehn function along the lines
of the sketch given in [Gro93, pp.56-57]. The bound obtained in this way is
already not optimal, we include it as a training for the general case, that we
address in the second part?. For the general case we additionally use the Federer-
Fleming deformation theorem, which is the only non-elementary ingredient we
require overall.

A few details on that: Combining [Ril03, Corollary 7.2] with [Youl3, Theorem 4] and the
fact that nilpotent groups have contractible asymptotic cones [Pan83] we find that the higher
Dehn functions (51‘£_1 are polynomially bounded. For d > 3, 51(ﬂd71) has the same growth type as
FV‘%7 see [ABDY 13, p.19206] and the references given there. Finally CFV(I{ and FV{ have the
same growth rate by the Federer-Fleming theorem.

’In [Gro93] on page 72, Gromov provides a hint on how one could proceed in the general
case building on [Gro93, 5.A5] but we stress that the proof we give here does not quite follow
this path at this stage; one essential difference is that we use the Euclidean dilation in the Lie
algebra instead of what Gromov calls the “fake dilation” of the Lie group.
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Let G be the real Malcev completion of a finite-index torsion-free subgroup
[y of I'. G has dimension n as a real Lie group. Let s be the nilpotency class
of Iy, hence of G. Equip the Lie algebra g = Lie(G) with a system of linear
coordinates (z1,...,x,) dual to a basis (ej,...,e,) such that for any 1 < i <
J < n, [e;,e;] € span{e,: k > j}; it is always possible to find such a basis by
picking one such that the sequence of subspaces V; = {e; : k > j} refines the
lower central series filtration. Let h be the left-invariant Riemannian metric on
G which coincides with the flat euclidean metric dz? + - -+ + dz? at T\G ~ g;
call the latter hy. Our first goal is to compare the Riemannian metric exp* h,
the Euclidean metric hg and the inner products they induce in the d-fold exterior
powers ATg for d € {1,...,n} (See e.g. [Fed96, 1.7.5] for the construction of
these inner products). We will actually need bounds in both directions.

Lemma 2.1 (Polynomial similarity). With notation as above, there exists Rq €
R[t], nondecreasing on [0, +00) and such that for any d-vector field V = ViN---AVj

on R* we have, for all v = (z1,...,2,) € R" ~ g,
[ Valladn
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Proof. The Baker-Campbell-Hausdorff series for G only has finitely many non-
vanishing terms because G is nilpotent, and so the left-invariant vector fields
X1,...,X, which coincide with ey, ..., e, at the origin are pulled-back to the Lie
algebra via the exponential as

(2) (eXPE Xi)<x17 s 7xn) =€ + Z B,j(xla s 7$n)€j
j>i

where P, ; € R[zy, ..., ,| are polynomials of total degrees at most s — 1 (see e.g.
[LDT22] for many concrete examples of such calculations). Fix now an integer
d € {1,...,n}. We will generalize the previous considerations to the d-areas.
Denote by I = {iy,...,i4} a multi-index with 1 <4 < --- < iy < n and equip the
set of multiindices with the lexicographic order. An orthonormal frame is given
by the simple left-invariant d-vectors X; = X;, A--- A X, and

exp* Xy =er + Z Pl[i]](xl, ce ey Tp)Ey,
J>I

where Pl[d}, are again polynomials. This equation expresses that the transition

matrix between two orthogonal frames of A%hy and A?exp* h is unipotent with
its non-diagonal entries being polynomials in (z1,...,z,). Inverting this matrix,
we check that its inverse has the same properties. The bounds (1) follow from

this observation for some (maybe not nondecreasing) polynomial R, instead of

Rg; we may finally replace R, by a larger polynomial R; which is nondecreasing
on [0, +00) in order to reach the conclusion of the lemma. U

In addition to these estimates, we will need a classical lemma on uniform polyno-
mial distortion in nilpotent groups that can be derived from the work of Guivarc’h
or from that of Osin [Gui73, Osi01].
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Lemma 2.2 (Polynomial distortion). With notation as above, there exists C' > 0
and L > 1 only depending on G and h such that for every g € G, dy(1,9)/L—C <
[log g|l < C + Ldx(1,9)".

Proof. Guivarc’h [Gui73, p.344| proves that there exists a direct sum decompo-
sition g = @;_,W; and a suitable choice of norms || - ||; on W;, such that if one
denotes p(z) = >0, ||a:z||21/l and then B, = {z € g: p(z) < r} for all r > 0, we
have, for some p,k > 0 and for all n € N, Bg(1,p)" C expg Bin € Be(lg, 1)™.
By the Svarc-Milnor lemma the word distances over the generating sets Bs(1g, 1)
and Bg(1, p) are both quasiisometric to the Riemannian distance dj,, and so we
have Cy, Lo such that d(1,9)/Lo—Coy < ¢(log g) < Lodi(1,9)+Cy. On the other
hand, we have r'/* < 1+ r for all r and so ¢(logg) < C; + Ly||log g|| for some
C7 > 0 and Ly > 1. This proves the left inequality of the lemma. For the inequal-
ity on the right, note that there exists Cy, Lo such that ¢(log g)® > La||log g|| — Cs
and so (Lody(1,9) + Co)® = La| log g|| — Cy; after adjusting L and C suitably, this
proves the inequality on the right. U

We now finish the proof of the Dehn function part of the statement. We work
with the following definition of the Dehn function:
dg(v) = sup inf Area(A).
~€Lip(S1,G), lengthy, (v)<r AELIP(B?,G),A g1=
We refer to [C'T'17, 2.C.1] and [Bri02, Section 5| for the equivalence of d¢ (when it
grows at least linearly) with the definition of the Dehn function involving group
presentations.

Let v be a lipschitz loop with length v in G. Left-translate v so that it goes
through 14; this does not change its length. Then consider 7 := log, o7y, and set
v = length(7); note that we have ¥ C B(0, R), where R < C' + v® by Lemma 2.2,
and so 0 < Ry (C +v*), applying® Lemma 2.1 with d = 1. Build a lipschitz disk A
with the union of all the geodesic segments from 0 to J(¢) for 0 < ¢ < length(7).
By the Cauchy-Schwarz inequality

Area(A) = /0

Consider the lipschitz disk A = exp(A). Then by (1) we have Area(A) <
R,(%) Area(A) < Ry(0)02, which is a polynomial in 9. Thus the filling func-
tion of loops in G (hence the Dehn function of I') is bounded by a polynomial
function of v. Altogether,

Area(A) < Ry(C + v*) Ry (C +v*)? = O(v")

where N = s(2deg Ry + deg Ry) (this is not the optimal N = s+ 1 of [GHR03]).

We now come to the homological filling functions. Consider the manifold N =
G/Ty. This is a compact nilmanifold, in particular, it is the total space of an
iterated tori bundle. Hence, as can be shown by induction, N is a PL manifold,

v 1. N R
S0 7 @) < P,

3The case d = 1 of Lemma 2.1 can be deduced directly from (2) and inverting a triangular
matrix with polynomial off-diagonal entries so the full strength of the lemma is in fact not
needed here.
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and especially, it is triangulable. Let X denote the finite simplicial complex of
dimension n underlying a finite triangulation of A/, and let X be its universal
cover. Endow the 1-skeleton of X with the simplicial distance. We have two
singular triangulations, that we will denote v and 7, of G and R" respectively, by
X , v being obtained by lifting the triangulation of A" by X to universal covers,
and 7 by composing with log.. The triangulation v is uniform, in the sense that

(i) the associated map v : X©® 5 @ is a Dg-equivariant quasiisometry, and

(ii) there exists a constant L' > 1 such that for every simplex o of X, we have
that massv(o) € [1/L/, L'], where the mass is measured with respect to h.

Up to G-translating v slightly, we will also assume that 15 supports a 0-simplex
of v and equivalently, that Ogr~» supports a O-simplex of 7. With these adjustments,
we have that

(i’) the map v : X0 5 Gisa L -bilipschitz quasiisometry.

The triangulation 7 does not have the properties (i) and (ii) above, nevertheless,
given a d-simplex o of X and letting r being the smallest number such that
7(0) € B(0,7), we have that mass,, 7(c) < L'Ry(r) by applying Lemma 2.1.

We will need the following lemma.

Lemma 2.3 (Euclidean dilation). Let k € {1,...,n—1} and letc =", a;0; be
a lipschitz k-cycle in R™. Assume that 0 € suppc. Then there exists an integral
lipschitz (k + 1)-chain C such that mass(C) < mass(c) diam(suppc), 9C = ¢ and
supp(C) C B(0,diam(supp(c))).

Proof. We prove the lemma by a rudimentary version of the “coning” technique
which is similar to the argument we used for the Dehn function; we mention
that this argument has been employed many times in more elaborate ways in the
literature, and notably in [Wen05]. Identify AF=1 resp. AF with the simplices
with vertices at (ei,...,ex), resp. at (0,ep,...,e,) in R*. For i € {1,...,m}
define () = to;(T) whenever x € A*l decomposes as tZ with T € A* (this
decomposition is unique unless z = 0, in which case the definition of ¥;(z) is
unambiguous). Set C = ", ¢;3;. Then C has its support in B(0, diam(supp c))
by convexity of the latter ball. A computation using dc = 0 gives that 0C = c,
and it remains to bound the mass of C. For this, note that by the area formula,
for all 7 from 1 to m and denoting by ); the Lebesgue measure on A7 we have

mass(;) = / AR5, (2) [ e (2)
Ak+1

diam(supp(c)) " Ak
= diam(supn c) doi(x)||dAg(x)dt

< mass(o;) diam(supp c).

We get the inequality required in the conclusion of the lemma by summing over
all 4 for ¢ from 1 to m. U

Let v > 0. Let ¢ be a lipschitz singular d-cycle in X of mass at most v; by mass
in X we mean the total number of simplices (of all dimensions) in the support.
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We call ¢, and ¢, the lipschitz cycles in G and R" respectively which correspond
to v and 7 in the triangulations.

Start assuming that ¢ (and thus also ¢, and ¢;) is connected. Left translating
¢ by some 7y € 'y (which does not affect the X-mass), also assume that 15 €
supp(c,) and Og» € supp(c,). Since ¢ is connected and @ : X© — @ is a
bilipschitz quasiisometry by (i’), diamy(supp(c,)) is bounded by a constant L'
times v, and then by the distortion Lemma 2.2, supp(c,) is contained in a ball
B(0, R) with R < C3 + Lgv® for some constants C3 > 0 and L3 > 1.

We now apply Lemma 2.3 to ¢, which provides a (d+1)-chain C'in R™ (beware
that it may not be supported on 7), that we push back to G by the exponential
map; we claim that the resulting lipschitz singular integral chain Cg = exp, C' has
(3) massh(CG) < KRd+1 (C3 + L3US)Rd(Cg + Lgvs)Q.
for some constant K. Indeed, since 0 € supp(0C), for any simplex ¥ of C' we
have that supp ¥ C B(0,diamsuppC) C B(0, Kyv) for some constant Ky > 1
(where we apply Lemma 2.3 along with the fact that ¢ is connected), and then
mass(exp, X)) < KRy, 1(Cs+ L3v®*) mass(X). Summing this over all 3 and letting
K =1+ K2 we get the required bound (3) .

Since v is a uniform triangulation of G, by the Federer-Fleming theorem (See

[Youl3, Theorem 2| for a suitable formulation) we can deform Cg into a (d + 1)-
chain C, with C, = Cg 4+ R, R is a (d 4+ 2)-chain of mass < Ry(v)v, and

mass(C,) < mass(Cq).

Using again that v is uniform, we have that ), comes from a chain on X with
mass bounded by a polynomial in v; precisely C, = Y _5 asV o o, where

Z laq| < Z |as| < Lmass, C, < Ray1(v°) Ra(v°)?.

o:dim o=d+1
Finally, ¢ might not be connected. Assume that its connected components have
masses A; mass(c), . .., A\, mass(c) where p is the number of connected components

and A\; 4 --- + A, = 1. There exist constants K; > 0 and M > 1 such that for
1 < j < p, the j-th connected component of ¢ can be filled with a chain of
mass at most K + (\;mass(c))”. Summing the chains that fill every connected
component, we find a chain C' filling ¢ which has mass

p

mass(C) < Kyp+ Z()\j mass(c))M = Kip + (Z )\jw) mass(c)” < Kyv + oM
Jj=1 J

where we used the bound p < v because every connected component has at least

one simplex in it. This finishes the proof.

3. FINAL REMARKS

The part of the proof above showing that the Dehn function of a simply con-
nected nilpotent Lie group G is polynomially bounded does not require GG to have
any lattice. This result is not new: it follows, for example, from the fact that
the asymptotic cones is simply connected, and a result of Gromov; the details
of the proof were given by Drutu [Dt02, Theorem 4.1]. In the part concerning
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the homological filling functions, the presence of a lattice is required, neverthe-
less, one can note that FVZ is bounded above by the super-additive closure of
0q, the argument being similar to the way we went on from filling connected to
non-connected chains, see [C'T17, Remark 12.C.3] or [BKS21, Proposition 2.28|.
Hence FV?, is polynomially bounded regardless of G having lattices or not. It
would be desirable to generalize Theorem 1.1 with G' simply connected nilpotent
Lie group replacing I', the filling volume FV instead of cFV, and d > 2.

As a result of the use of unrefined inequalities at several steps, and contrarily
to the impression that the upper bounds coming out of our proof might convey if
one makes them explicit, we do not expect the exponents of FV% to increase with
d for T" nilpotent. Some evidence for an opposite phenomenon (i.e., a convergence
of these exponents towards 1 when the nilpotency class is fixed) can actually be
gathered from the case of abelian I' where FV&(v) < v!™1/¢ from the exact deter-
minations of the filling invariants in some cases in [Youl3, Youl6, Grul9b| using
a more refined approach than ours, and from the fact that the top-dimensional
filling function has polynomial order 1+ 1/N where N is the order of polynomial
growth [CSC93].
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