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Let Γ and Λ be infinite, torsion-free, nilpotent, finitely generated groups.

Question
If Γ and Λ are quasiisometric, what can be said about Γ and Λ ?
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Malcev 1951 : there exists a simply connected nilpotent Lie group G
=“Γ ⊗ R” such that Γ �→ G with finite kernel and image a uniform lattice.

Nomizu 1954 : if G = Γ ⊗ R then H∗(Γ, R) = H∗(G , R)

Conjecture (folklore) : Γ and Λ are quasiisometric ⇐⇒ Γ ⊗R and Λ ⊗R
are isomorphic.
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Let G be the nilpotent Lie algebra of a group G . Define its contraction

G∞ =
�

i>0
C iG/C i+1G

with the induced Lie brackets and denote G∞ the associated Lie group.












1. (G∞)∞ = G∞ ; we call G Carnot if G = G∞
2. Contracting preserves the nilpotency class.
3. G∞ is “more abelian” than G , for instance bp(G∞) � bp(G) for all p.
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Contraction : G∞ = �
i>0 C iG/C i+1G

Theorem (Pansu, 1980s) If Γ and Λ are quasiisometric, then

(Γ ⊗ R)∞ � (Λ ⊗ R)∞.

Theorem (Shalom, 2004) If Γ and Λ are quasiisometric, then for all p

bp(Γ) = bp(Λ).
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A geometric method to tell some groups with same
asymptotic cones apart
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Theorem (Llosa Isenrich, Pallier, Tessera, 2020)

The Dehn function of Γ6,10 grows like n3 while the Dehn function of Γ6,3
grows like n4.
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The Dehn function
(a) For the geometric group
theorist Let �S | R� be a finite
presentation of Γ, w a (freely
reduced) word over S
Area(w) = |w |��R��
δΓ(n) = sup�(w)�n Area(w).

(b) For the differential geometer
Let M be a nilmanifold, Γ = π1(M),
γ : S1 → M Lipschitz.
Area(γ) = inf

�
Δ2 |Λ2dφ| taken over

W 1,n maps φ : Δ2 → M with trace
γ. δΓ(r) = sup�(γ)�r Area(γ).
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Some general upper bounds

Easy Lemma δG×H(n) � max
�
n2, δG(n) × ΔH(n)

�
.

Theorem 1 (Gromov 1994) If G is a Carnot group (that is, G = G∞) of
class c then δG(n) � nc+1.
Theorem 2 (Papasoglu 1996) For every α > 1, if δ(Γ⊗R)∞(n) � nα,
then δΓ(n) � nα+ε for all ε > 0. Proof in R. Young’s “Notes on asymptotic
cones”.
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A lower bound

(a) Geometric group theorist Let
1 → Z → Γ → Γ → 1

be a central extension of Γ, with 1
sent to s ∈ Γ. If w ∈ FS represents
sn, then

Area(w) � �s∪S(sn).

(b) Differential geometer Let β
be a left-invariant 2-form on Γ ⊗ R
with a primitive α. S lift of S in Γ.

Area(γ) � C
����
�

γ
α

����

Highly distorted central extensions. 2-forms with “heavy” primitives.
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Queen Dido and the Heisenberg group
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Back to Γ6,10 and Γ6,3
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Central products of filiform groups
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Theorem (Llosa Isenrich, Pallier, Tessera, 2020)

The Dehn function of Γ grows like np while the Dehn function of Λ grows
like np+1.

If p is odd, b2(Λ) − b2(Γ) = 1.
If p is even, b2(Λ) − b2(Γ) = 2.
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Using forms with bounded differentials

Vergne 1970 In even dimension
� 6, there are two Carnot filiform
algebras. In odd dimension, there
is only the “standard one”.

1. If p is odd

2. If p is even
(ξ1, . . . ξp, ζ, η1, η3, . . . , ηp) dual
basis to (X1, . . . , Xp, Z , . . . , Yp)
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A few words on the upper bound

Theorem [LI-P-T]

δΓ6,10(n) � n3.

Start : Gromov, Turston, Allcock, Olshanskii-Sapir : δH5(Z) � n2.
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In H5(Z), horizontal loops have horizontal fillings
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Lemma 1 (Changing factors)

Every word w in x1, x3 representing a central element in Γ6,10 is homotopic
(rewritable) to the same word over y1, y3 with cost O(�(w)2).

Lemma 2
In order to prove the upper bound one needs only an algorithm do reduce
nul-homotopic words of length n in x1, x2 at cost O(n3).
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To a product of rectangle words
For m, n, � � 0 define T = T (m, n, �) = [x m

1 , xn
3 ][x �

1, x3].
(It represents zmn+�.)
Let w(x1, x2) be a word of length � n.
We repeat O(n) times the following process at cost O(n2) each time.

� Move all the instances of x1 to the left starting with the left-most.
� After moving an x1 to the left, move all x3s created in the process to

the left.
� Move all the T (m, n, 0) words created in the process to the right.

After repeating this i times the word has the form

xk1
3 xk2

1 xk3
2 x±1

1 v(x1, x2)
�

j�i
Ti−j

with |k2| + |k3| + 1 + �(v) � n and k1 � in.

Claim
Each application of the 3 items above needs a cost O(n2).
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We end with a product of a power of and rectangle words, � TI−i , I � n.

Claim (Similar to Olshanskii-Sapir’s Lemma)

Let I > 0 and let Ti = T (mi , ni , li), 1 � i � I be words with
|mi · ni + li | � n2 and |mi |, |ni | � 3n. Assume that �I

i=1 Ti is
null-homotopic. There is a constant C2 > 0 such that the identity

I�

i=1
TI−i ≡ 1

holds in Γ6,10 with area � C2 · I · n2 .
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Thank you for your attention.
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